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Abstract:
Aims:

The aim of this study was to develop the mathematical models of the linear elasticity theory of biomaterials by taking into account their fractal
structure. This study further aimed to construct a variational formulation of the problem, obtain the main relationships of the finite element method
to calculate the rheological characteristics of a biomaterial with a fractal structure, and develop application software for calculating the components
of the stress-strain state of biomaterials while considering their fractal structure. The obtained results were analyzed.

Background:

The development of adequate mathematical models of the linear elasticity theory for biomaterials with a fractal structure is an urgent scientific
task. Finding its solution will make it possible to analyze the rheological behavior of biomaterials exposed to external loads by taking into account
the existing effects of memory, spatial non-locality, self-organization, and deterministic chaos in the material.

Objective:

The objective of this study was the deformation process of biomaterials with a fractal structure under external load.

Methods:

The equations of the linear elasticity theory for the construction of the mathematical models of the deformation process of biomaterials under
external load were used. Mathematical apparatus of integro-differentiation of fractional order to take into account the fractal structure of the
biomaterial was used. A variational formulation of the linear elasticity problem while taking into account the fractal structure of the biomaterial
was formulated. The finite element method with a piecewise linear basis for finding an approximate solution to the problem was used.

Results:

The main relations of the linear elasticity problem, which takes into account the fractal structure of the biomaterial, were obtained. A variational
formulation of the problem was constructed. The main relations of the finite-element calculation of the linear elasticity problem of a biomaterial
with a fractal structure using a piecewise-linear basis are found. The main components of the stress-strain state of the biomaterial exposed to
external loads are found.

Conclusion:

Using the mathematical apparatus of integro-differentiation of fractional order in the construction of the mathematical models of the deformation
process of biomaterials with a fractal structure makes it possible to take into account the existing effects of memory, spatial non-locality, self-
organization, and deterministic chaos in the material. Also, this approach makes it possible to determine the residual stresses in the biomaterial,
which play an important role in the appearance of stresses during repeated loads.
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1. INTRODUCTION energetic and economic problems by creating modern materials

and construction is an urgent scientific task. In the area of

Solving the increasing reliability and strength, reducin .
& & Y g g structural materials, these problems have been posed, and
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methods for their solution are well developed; however, using
natural bio-composite materials, which include bone tissue,
was not sufficiently studied in the rheological deformation area
[1,2].

The problem of increasing the strength characteristics of
bone tissue is solved in various ways, one of which is
preventive reinforcement with metal implants to reduce stress
concentration. Potential prospects for the application of this
approach are based on reducing the cost of treatment, reducing
the likelihood of fracture, simplicity of the operation compared
to the operation of bone fusion after a fracture, short duration
of postoperative procedures, etc., [3, 4].

To implement this method, an integrated approach from
medicine, mathematics, mechanics, and information
technology is required. However, at present, there are no
adequate methods of mathematical modeling of the stress-
strain state of bone tissue in the process of rheological
deformation to analyze and decrease the level of stress
concentration in the most loaded areas. There are no
appropriate information technologies and software for solving
this class of problems as a consequence [5 - 11].

The surgical methods in the treatment of patients with joint
pathology are dominated. The percentage of complications and
unsatisfactory results reach 30-40%, which negatively affects
the quality of the patient’s life. In recent years, to improve the
methods of operations, mathematical modeling has been used.
One of the advanced technologies for structural analysis of the
stress-strain state of bone tissue is the finite element method.
The bone cross-sections models in stress-strain state studies of
the hip joint, as a rule, are used. However, they did not take
into account the complex structure of the bone material, which
did not fully reflect the stress-strain state of the integral
structure and allowed the determination of optimal surgical
tactics [12 - 18]. Also, the method of finite differences is
widely used to obtain the numerical solution of mathematical
models of physical processes. It involves discretization of the
area and larger computing resources, but it is easier to
implement compared to the finite element method. In
particular, the application of this method is shown [19, 20].

This type of injury is a particular problem in patients over
60 years of age. Prolonged immobilization (more than 14 days)
in such patients causes a sharp deterioration of movement
functions and decreases the potential for restoration of
movements to the minimum of a necessary physiological rate.
Despite the maximum objectivity of the physical experiment, it
is impossible to repeat the experiment on the same material due
to stress overloads and after its complete or partial destruction.
Mathematical modeling or numerical experiment is devoid of
these drawbacks [1, 3].

The problem of determining the mechanical characteristics
of bone tissue in elastic, elastoplastic (nonlinear) areas under
short-term loads and the area of creep of this material under
long-term power loads remains unresolved. The complex
structure of bone tissue, insufficient experimental material,
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changes in bone characteristics with age complicates the
process of determining its mechanical and rheological
characteristics. In addition, it can be seen from experimental
experiments that stretching loads is 1.5 times more dangerous
than compression (i.e., fracture under tension occurs at stress
intensities 1.5 times lower than at stress intensities during
compression) [21, 22].

It is impossible to describe the processes of destruction of
bone tissue using only the features of linear elasticity theory.
Using the nonlinear model of the biomaterial behavior under
short-term loads in calculations is rare. Bone can rebuild over
time depending on the load, so this material should exhibit the
effects of creep and stress relaxation under prolonged static
loads [8, 23].

Investigation of the symmetric properties of differential
equations containing fractional derivatives is currently an
urgent scientific problem in connection with the increased use
of such equations in mathematical models of various processes
with anomalous kinetics. Moreover, in contrast to the classical
derivative of integer order, there are many non-identical
definitions of derivatives of fractional order, which leads to a
variety of differential equations of fractional order that are
close in form but significantly different in properties [24 - 33].

Biomaterials, in particular bones, have a porous,
heterogencous structure and a complex nature of spatial
correlations. The rheological behavior of these materials is not
linear. In particular, it is possible to distinguish the presence of
memory effects that significantly affect the development of
stresses and strains during reloading. Based on the structural
and rheological properties of bones, this biomaterial can be
attributed to materials with a fractal structure. Using the
mathematical apparatus of integro-differentiation of the
fractional-order in the construction of mathematical models of
rheological behavior of biomaterials will allow us to take into
account their complex nature of spatial correlations, the
presence of memory effects, self-organization, and determin-
istic chaos [14].

2. MATERIALS AND METHODS

In this section, the basic relations of the linear elasticity
problem of biomaterials while taking into account their fractal
structure are received. The principle of virtual works at small
deformations and the mathematical apparatus of integro-
differentiation of fractional order to obtain a variational
formulation of the problem are used. The finite element method
with a piecewise linear basis to find the minimum of the
obtained energy functional was used. The UML diagram of the
developed software for finding the components of the stress-
strain state of the biomaterial subjected to external loading was
given.

2.1. Some Properties of Integrals and Derivatives of
Fractional Order

Following the main properties of the fractional-order
integro-differentiation apparatus, it seems promising to use the
theory of fractional calculus in the study of mechanical
processes and phenomena in natural and artificial inhomoge-
neous structures, biomaterials, and nanomaterials.
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Let us consider the fractional-order integro-differentiation
operators integral of the function f{(x,y,z) over the variable x in
Caputo's understanding in more detail [27, 34, 35].

Where @=la]+{a}, [a]eN, 0<a<1, T(a) :Jx“"e’xdx -
gamma function. 0

Repeated use of the fractional-order operator to the
function is equivalent to one-time using of the fractional
operator when its order is equal to the sum of orders [27, 34]:

¢ (Df f)=Dg+ 1, 3)

121 f)= 157, @

The action of a fractional operator on the sum of functions
is equivalent to the sum of actions of the fractional operator on
each of the functions [27, 34]:

D{(f +g)=Dy f +D{g, 5)

(f+g)=1¢f+10. (6)

The action of the fractional operator on the product of the
constant ¢ and the function f'is equal [27, 34]:

DZ(cf)=cDZ f, @)

14(cf)=clg f ®)

Provided that f(xy,2) _, =0 the following property
is valid [27, 34]:

pe(igf)=12(Def)= 1. )

During constructing the variational formulation of the
linear elasticity problem, many operations related to the
combined application of integration and differentiation
operators are performed. To construct a variational formulation
of the linear elasticity problem of biomaterials with a fractal
structure, the formulation of fractal operators in the Caputo
understanding was chosen based on a property (9). At the
initial moment of modeling time, the biomaterial is in a natural
stress state, i.e., there are no stresses and displacements. If at
the initial moment, the body is not in a natural stress state, then
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property (9) will not be valid. The history of stresses and
displacements must be taken into account during the combining
application of fractional integration and differentiation
operators. The Caputo formulation of fractional operators
allows us to take into account that fact.

2.2. The Linear Elastic Deformation Problem

The calculation of the mechanical behavior of biomaterial
for a given dependence of loading by time is based on an
adequate mathematical model of the properties of a material
with the fractal structure. For biomaterials, such model is based
on fractional derivatives, which take into account the loading
mode and existing effects of memory, spatial non-locality, self-
organization, and deterministic chaos in the material. The
expediency of using the mathematical apparatus of integro-
differentiation of fractional order to build mathematical models
of physical processes in environments that are characterized by
such properties has been described [14, 28]. Rabotnov Yu.N.
was engaged in the construction of mathematical models of the
elasticity theory for medium with after-effect. He also showed
the feasibility of using such mathematical apparatus in the
model’s creation and its advantages over the traditional
approach [14, 23].

Let us consider the problem of stress-strain state in
biomaterial taking into account the fractal structure. Suppose
that a body that is in equilibrium is affected by mass forces
F= X, oV, 02 T E‘l thg ci)rriesponding directions, and also
surface forces K, :(XV,YV,ZV )T with corresponding projec-
tions on the axis x,y,z. Let us find the components of the stress-
strain state of the body, namely vectors 6 =\04,0y,0;,7y,7x. 7y, )T
- stress, ¢ :(gx,sy,sz,yxy,yxz,yyz )T - deformation and displace-
ment u=(u,0,0)", which are satisfying the equilibrium
equation in elementary volume [36 - 38]:

D;(ZJO'ijJrEi:O’ (10)
and the equilibrium conditions on the surface [39]:
R = oy cos(N, Xj), (68))

where n- outer normal to the surface of the body S.

Taking into account the fractal structure of biomaterials,
relations between displacements and deformations can be
written in the following form [39]:

& =%(D;”jui +Df, ) (12)

Hooke's law makes it possible to express stress due to
deformation and vice versa [8, 9, 14, 23]:

O = IZ‘/ﬁklmglms (13)

where, o, - stress tensor, ¢,, - deformation tensor, 4,,, -
elastic modulus tensor.

We introduce a notation to simplify the further description
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of the material:

D¢ (D2 F(x,y)) (14)

Day f(x.y)=

Considering (12), the ratio of the deformation community
in a biomaterial with a fractal structure will be as follows [39]:

D2%e, + Dz, = DX 7y s)
DZzz D2a D
z €x T Uk X2 Vxeo (16)
Dzag +D2“8 *Dzayyz, an
1 a( a a a ) 2a
EDX Dy7x2+Dzyxy7Dx7yz :Dyz€x9 (18)
1 sz<sz a a ) (19)
5 y z7xy+Dx7yz_Dy7xz sz£y=
1 a( a a ) 2a (20
EDZ Dx7yz+Dy7xsz17xy:nygz- )

Thus, the obtained relations make it possible to describe
the rheological behavior of a biomaterial with a fractal
structure under the action of an external load.

2.3. Variational Formulation of Linear Elastic Deformation
Problem

In the process of deformation of the system, the energy
accumulates in their element, which is called the potential
energy of deformation. It is equal to the actual work of internal
forces, and it is considered positive. In flat systems, the
potential energy of deformation consists of the energy of
tension-compression, bending, and shear.

All general theorems for small deformations are based on
the equation of virtual works [36, 40]:

J-J‘J.cijsijdv=J‘J‘J.pfiuidv+”f\,iuid8. @1

where V- body volume, S - body surface.

Thus, among all permissible displacements u,v,w that
satisfy the boundary conditions, the active displacements result
in a stationary of full potential energy and provide a minimum
of functional I1

1= ”ﬂA(u,u, ©)+®(u,v,0)jdV +”‘l’(u,u, w)ds, 22)

- d)(u,u,a)) = p)?u + p?u + pr, (23)
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—¥(u,0,0)= Xyu+Yyv+Z, o, 24)

where A(u,v,w) - the strain energy function can be written
in the form:

Au,v,0)= y{ D"’u)Z

%[(Diuwf Folersorl et )}

(D”u+D"u+D“ of +(o¢ )}r 25)

div*u = D{u+Dyv + Dj . (26)
Substitute the expression of stresses due to deformations
from the relations (4)-(9). Then, taking into account relation

(3), the equilibrium conditions on the surface due to
displacement were obtained:

Xy = [ﬂdiv”u + 2;1Dfu]cos(n,x)+ ,u[(D;'u + D;’u)cos(n, y)+ @7
(Dfu + Dfa))cos(n,z)]

Yy = lﬂdiv“u + ZyD;’chos(n, y)+ yl(D?u + ij’u)cos(n, X)+

(Dfu + D;,xa))cos(n, Z)] @8)
Zy = [ﬂdiv“u + Zny’w]cos(n, 2)+ y[(Df‘u + D;’a))cos(n, X)+
(D;’U + Dya))cos(n, y)] 29

Thus, a variational formulation of the elastic deformation
problem of biomaterials with a fractal structure was obtained.

2.4. Finding the Minimum of Full Energy Functionality

Let us construct full potential energy functional for a one-
dimensional problem of the linear elasticity theory of a
biomaterial with a fractal structure:

H(u):J'[A(u)+ @(u)jd! +J"I‘(u)dl‘, 30)
{3 mforsf @31)

- ®(u)= pXu, (32)
—‘P(u): Xy u. 33)

Xy :l(ﬂ+2,u)fochos(n,x) (34)

Using Stoke’s formulas, we obtain:

l‘[(u):j(§+ ﬂj(ofu)z _(4+zy)[% DU +uDi“’u}dl (35)
|
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Let us find an approximate solution of the minimum of full
potential energy functional in the following form:

N
u(x)x (0 = cigi (%) (36)
i=0
Inserting (36) in (35), we obtain:

)zlj( +nj[Df§jcm(x)D znu){ {Zc.w.(x)}D{;c.w)}
{ZNjciwi(x)}Di*“{iciwi(x)ﬂdl

[SIRW

37

i=0 i=0

Using properties (7) and (8) from (37), we can obtain:

I( o ][z° D*“’(X)] ﬂ“”“ﬂZC w'(x)] [Zc Dxm(X)}
{Zci (pi(x)}[zc Dl (X)H 38)

i=0 i=0

We use the necessary condition for the existence of the
extreme to find the minimum of the full potential energy
functional:

=0, i=0,N. (39)

The differential of full potential energy functional by

variables ¢;,j=0,N can be written as:

2—}{%#]{ [ﬁ)cinwi(x)](quaj(x))dl—
(/1+2/1)j[a¢’( ){Zc Dm(x)} {ZC opi(x )}D;’(pJ(X)JdH (40)

1 i=0

(ﬂ+2y)f (soj (x){Zc D”“(p,(x)} {Zcirpm}ol*“rp,- (X)Jdl

i=0 i=0

Thus, we obtain a system of linear algebraic equations with

unknown variables Cj,]J= 0N . Having solved it, we obtain

the values ¢, Jj= 0N and put them into the relation (36).
As a result, we obtain a function that gives a minimum of the
full potential energy functional (30).

2.5. Using a Piecewise Linear basis for Finding the
Minimum of the Full Potential Energy Functional

Let us divide the segment [a,b] into a uniform grid into N
parts:

X;=ih; h=—; i=0,N 41)

We choose as a basis for (36) the piecewise linear
functions having the following form [13]:
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1-57X 0 on xel(x.x]
X—X; .
p0={1-—"1 on xelhxn]; (42)
0 ,oon o |x=x

Let us find the derivatives of basis functions (42).

o i
e on X< 11,-_1.::1-]
°% 11 om relrox] @3)
éx h
0, on |1' - x,-l =
1 ¢ de
= ., on X Eix,-_l.x,-]
Tia) h(x—-2)
1 ¢ de
Do () =4— - =
x{.‘]a{l} ]-_.{gj ! .'t!(.l'— :) on 1:|>Jl:|—1:| 44)
0. on |Ji' - x,-| =h
DI %o (x)=0 45)

Substitute the obtained relations (42-45) into the
expression (40):

(N
Z c;D¥o, (/\)Da@ (x) di

(46)

(A+2 u]' [l T(‘IDXU:()) + \— o9 () Da@ (Ja) a’r
| x| éx |

_I—G

Taking into account (43), the equation (46) will be written
as:

_——"|7—;r'vleO’:ﬁ(\’)D“ x)dl -
G =

N X oa iy X & -
i Dig(x) 'Dx @;(x) Diwy(x)
220t S ¢ x ¥ A+ dx—
e+2u = & j h TG .l h e ,[ h

dx |-

. |

J1

7

¥ oY g ET. T g
. Dig;(x) Dig;(x) Digi(x)
(2+20) > j —Ta‘,\—cm J %n}—ri I %dx

= = % %

Equating relation (47) to 0, we obtain a system of linear

algebraic equations with unknown variables  €j.j= O.N.
Solving and substituting the basic functions (42) and the found

coefficients  ¢j.i=0.N  in relation (36), we obtain the
required displacements. Substituting the found displacements
into the relation (12), we obtain deformations. Substituting the
found deformations in (13), we obtain the required stresses
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biomaterial while considering its fractal structure.

2.6. Class Diagram for Developed Software

The UML diagrams and application software for the
realization of the formulated mathematical model of the
definition of a stress-strain state of a biomaterial while consi-
dering its fractal structure are developed. The implementation
of the finite element method based on an object-oriented
approach, class packages, and the relationships between them
was developed. The documentation of the created classes was
constructed. Important aspects of the designed software are
reflected in the graphical notation of UML.

In particular, covering a region with a grid of nodes and
dividing it according to finite elements method implements the
following classes, shown in Fig. (1): Point — the class that
contains the nodes which cover the region; Finite Element —
class for finite element and List FE — the list of them;
Boundary Point — realized the boundary element and List Of
BP — list of them; FE System - the class that implements a
mechanism for finding the solution of a system of linear
algebraic equations.

In contrast to the known finite elements method
implementations, the computational information about finite
nodes and elements is stored not in arrays but on the lists.
Thus, the program implementation of the finite element method
is carried out based on lists in which each object-entity is
programmed as a separate class. All classes are documented
and can be reused to implement other mathematical models by
the finite element method. The developed class diagrams made
it possible to establish the order of creation, destruction, the
interaction of objects, and the relationship between them.

3. RESULTS AND DISCUSSION

We conduct a numerical experiment for the cross-section
of the femur bones with a diameter of 2 cm of an 80 years old

FElist: array of
FiniteElement

x: float <t
value: float
number: integer

value: Point
prevFE: Point
boundary: boolean
nextFE: Point
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person. Let us consider a one-dimensional case. So,

xelab]=[-005001]. Let us fix the sample on the
boundary a, so we can formulate the boundary condition on

this boundary as wu|__=o0. Let us force the load

Fl,., =8 KN to the opposite side of the material. Using the
developed software and formulated variational statement of the
linear elasticity problem for a biomaterial with a fractal
structure, we calculate the components of the stress-strain state

of the described sample under the action of external load.

The curves in Fig. (2) show that the nonlinear part begins
to be observed at deformation values ¢ > 0,237%. Considering
the fractal structure of bone material makes it possible to take
into account the effects of nonlocality and the complex nature
of spatial correlations. Analyzing the obtained results, we can
conclude that the fractal structure contributes to the accumula-
tion and “memorization” of the stress state of the material. The
graphical dependences show that the difference between
stresses while taking into account the fractal structure of the
material and without at deformations ¢ > 0,8% exceeds 4.8%.

Fig. (3 ) shows the stress distribution in the sample
depending on the spatial coordinates. Analyzing the obtained
results, we can conclude that the maximum stresses ¢ = 15
MPa will be relatively small from the fixed boundary of the
sample. However, on the opposite side, the maximum stresses
are significantly higher. Taking into account the fractal
structure of the material, the maximum stresses are equal to 6 =
153 MPa. Considering the traditional model a = 1 the
maximum stresses are equal ¢ = 141 MPa.

Consider the deformations in this sample while taking into
account the fractal structure of the material and without, after
applying the different loads on its boundary. Curve 1 and
Curve 2 describe the deformations in the sample at the
boundary b under loads F' = 35 MPa, and Curve 3 and Curve 4
under loads F' =57 MPa.

BPlist: array of
BoundaryPoint

——— > x:float
value: float
number: integer

matrix: array of array

of float

vector: array of float

Fig. (1). Class diagram of developed software for finding the numerical solution of elastic deformation problem of biomaterials with fractal structure.
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Stress depending on deformation

o[MPa]
160

120

a=0.9527
100

80

60

0.2 0.4 06 0.8 € %]

Fig. (2). Changing of the stress component o, depending on deformation while taking into account the fractal structure of biomaterial and without

Stress depending on space
o(MPa)

150

x(m)
-0.010 -0.005 0.005 0.010

Fig. (3). The value of the stress component o, depends on the spatial coordinate while taking into account the fractal structure of biomaterial and
without

Deformation depending on time

s=o= = Curve 1

ime [min
20 40 60 80 100 time [min]

Fig. (4). The value of the deformation component ¢, depending on the time at different loads while taking into account the fractal structure of
biomaterial and without
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After analyzing the results obtained from Fig. (4), we come
to the following conclusion. In the initial moments, there is an
elastic deformation that is visible in Fig. (4). The complex
structure of the material determines the presence of a nonlinear
component of the deformation process. In the case of Curve 1
and Curve 2, the deformations develop more slowly, which is
explained by the smaller value of the applied load in
comparison to Curve 3 and Curve 4. Taking into account the
fractal structure has a more significant effect on the results at
higher loads. In particular, in the time interval ¢ € (0,60) the
deformations while taking into account the fractal structure of
the material will be smaller (the maximum difference between
Curve 3 and Curve 4 in this range is 14.3%). In the time
interval ¢ € (60,100) the deformations while taking into account
the fractal structure of the material will be greater (the
maximum difference between Curve 3 and Curve 4 in this
range is 6.8%). This effect can be explained by the presence of
stress memory in the material, which causes the accumulation
of residual stresses.

CONCLUSION

Using the basic laws of mechanics of hereditary
environments and the mathematical apparatus of integro-
differentiation of fractional order, new mathematical models of
elastic deformation of biomaterials with the fractal structure
were obtained, which allows taking into account the existing
effects of memory, spatial non-locality, self-organization and
deterministic chaos in the material.

The basic equations of the elastic deformation problem of
biomaterials while taking into account their fractal structure
were obtained. A variational formulation of this problem was
constructed, which allows obtaining an approximate
continuous solution of the problem. The finite element method
with a piecewise linear basis for finding the solution to this
problem was used.

Application software for finding an approximate solution
of the elastic deformation problem of biomaterials while
considering their fractal structure was developed. The class
diagram of the developed software was built.

The components of the stress-strain state of the femur
bones subjected to different external loads considering the
fractal structure of the material and without, were found. The
analysis of the obtained results showed that using the apparatus
of integro-differentiation of fractional order in the construction
of mathematical models of the linear elasticity theory allows
calculating the residual stresses in the material.
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